In this paper, we introduce a statistical regression model for discrete-time networks that are correlated over time. Our model is a dynamic version of a Gaussian additive and multiplicative effects (DAME) model which extends the latent factor network model of Hoff (2009) and the additive and multiplicative effects model of Hoff et al. (2013) , by incorporating the temporal correlation structure into the prior specifications of the parameters. The temporal evolution of the network is modeled through a Gaussian process (GP) as in Durante and Dunson (2013) , where we estimate the unknown covariance structure from the dataset. We analyze the United Nations General Assembly voting data from 1983 to 2014 (Voeten et al., 2016) and show the effectiveness of our model at inferring the dyadic dependence structure among the international voting behaviors as well as allowing for a varying number of nodes over time. Overall, the DAME model shows significantly better fit to the dataset compared to alternative approaches. Moreover, after controlling for other dyadic covariates such as geographic distances and bilateral trade between countries, the model-estimated additive effects, multiplicative effects, and their movements reveal interesting and meaningful foreign policy positions and alliances of various countries.
Introduction
In recent decades, social network analysis has been well-established and is widely used in a variety of applications, ranging from friendship and collaboration networks to disease transmission. Because a network naturally evolves over time, there has been a growing need for methods of modeling networks that change over time. A number of models have been suggested that are extensions of static network models, such as the temporal exponential random graph model (TERGM) (Hanneke et al., 2010) and the dynamic stochastic blockmodel (Xu and Hero III, 2013) , or new models for network dynamics, such as the stochastic actor oriented model (SAOM) (Snijders et al., 2010) . On the other hand, there are dynamic network models that give consideration to the unobserved latent space (Hoff et al., 2002) -the structure of the network that is not explained through the use of exogenous node and dyad covariates. To provide novel insights into the latter, we extend existing latent factor models and additive and multiplicative effects (AME) models (Hoff, 2005 (Hoff, , 2008 (Hoff, , 2009 Hoff et al., 2013 Hoff et al., , 2014 Hoff, 2015a) to develop the dynamic additive and multiplicative effects model (DAME) for discrete-time networks, with emphasis on the latent structures-unmeasured attributes of nodes for tie formations and their changes over time. Hoff et al. (2002) introduces a class of models where the probability of a relation between actors depends on the positions of individuals in an unobserved "social space". There are two specifications in the latent space model: (i) "the latent distance model" which is built upon the latent Euclidean space; and (ii) "the latent factor model" which stems from the projection model. Specifically, there are several versions of the latent projection model in which the probability of a tie beteween nodes i and j is determined by the normalized inner product of the two nodes' latent positions f (v i , v j ) = (v i v j )|v j | −1 . Hoff (2005) introduces the symmetric multiplicative interaction effect (v i v j ) into the network generalized linear model in order to capture third-order dependence 1 arXiv:1803.06711v3 [stat.AP] 22 Mar 2018 patterns-often described by the three features, transitivity, balance, and clusterability. Hoff (2008) parameterizes the multiplicative effects via eigendecomposition u T i Λu j , and demonstrates that the latent eigenmodel is able to represent a wide array of patterns in the data due to its unrestricted low-rank approximation to the symmetric relational data. Hoff (2009) extends the framework to model asymmetric social networks using the singular value decomposition u T i Dv j . Finally, Hoff et al. (2013) , Hoff et al. (2014) and Hoff (2015a) combine the additive and multiplicative effects to model the second-order (or reciprocity) and third-order dependencies and estabilish the AMEadditive and multiplicative effects-regression model for dyadic response data y ij . To be specific, the Gaussian AME model asumes
where the additive effects a i and b i represents person i's "sociability" and "popularity", respectively, and the multiplicative effects term f (u i , v j ) = u T i v j (or u T i Dv j ) measures the similarity and magnitudes of the two latent vectors u i and v j . This model is implemented as the R package "AMEN" (Hoff et al., 2014 ) which allows to model various types of dyadic data such as continuous, binary, ordinal, or rank-based responses.
As dynamic network analysis has become an emergent scientific field, there has been a growing number of dynamic network models that incorporate the latent space models in the last decade (Kim et al., 2017) . For instance, latent distance models have been a strong motivation for various dynamic network models proposed by many authors (Sarkar and Moore, 2005; Sarkar et al., 2007; Chen, 2015, 2016; Friel et al., 2016) , providing ample references for the reader interested in these specific problems. On the other hand, a comparatively small literature employs the AME framework to develop dynamic network models. Ward and Hoff (2007) first introduce the concept of dynamic latent factors, and this idea is expanded by Ward et al. (2013) to analyze bilateral trade using the generalized bi-linear mixed effect model (Hoff, 2005) . These models allow time-varying parameters for edge covariates and latent factors to extensively investiagte the temporal evolution of networks. More recently, He and Hoff (2017) develop a coevolution model for the analysis of longitudinal network and nodal attribute data, including latent nodal attributes. This multiplicative coevolution regression (MCR) model provides the benefit of allowing nodes to change their nodal (or latent) attributes X t depending on their past relations as well as the evolution of the network Y t , however, the contagion of the network is limited to a first-order autoregressive, or AR(1), model. There also exists a series of papers for modeling a tensor representation of network or multi-way array Hoff, 2015b; Minhas et al., 2016) , with longitudinal networks serving as an example of the general model. Still, the latent variable structure is not the main focus of those papers.
Whereas the earlier works rely on Markovian assumptions-i.e., the network at the next timestep depends only on the network at present state, not on the sequence of networks that preceded itthere are dynamic latent space models which relax the Markovian assumption and instead take advantage of temporal dependence in the longer history. Focusing on the temporal aspect of networks, Durante and Dunson (2013) proposed the dynamic latent space model for binary symmetric matrices, which assumes that the latent factors are evolving in continuous time via Gaussian processes (GP). Precisely, the model formulation follows
, where x i (t) = [x i1 (t), ..., x iH (t)] for i = 1, ..., V are the latent vectors of node i. The variance multipliers τ −1 h for h = 1, ..., H are shrinkage parameters with a gamma prior, and c µ and c x are the squared exponential functions c X (t, t ) = exp(−κ X ||t − t || 2 2 ) and c µ (t, t ) = exp(−κ µ ||t − t || 2 2 ). This modeling approach is based on nonparametric Bayesian inference and has the advantage of learning the number of latent dimensions H in the model (Bhattacharya and Dunson, 2011) . In addition, the non-Markovian property of the model allows networks with unequal time intervals. Although the model has been successfully applied to different types of longitudinal networks (Durante and Dunson, 2014a,b) , it lacks several benefits of the AME model. First, model (2) does not include the additive effects a i and b j , which can capture significant heterogeneity in activity levels across nodes. Second, model (2) uses the term x i (t) x j (t) to represent multiplicative latent factor effects. However, the form u i (t)
T D(t)u j (t) used in the AME model allows the flexibility of negative eigenvalues d r (t). According to Hoff (2008) , the parameterization of u i (t)
T D(t)u j (t) can represent both positive or negative transitivity in varying degrees; on the other hand, the parameterization of v i (t)
T v j (t) is not able to explain negative transitivity or stochastic equivalence, where nodes with the same or similar latent vectors do not have strong relationships with one another.
Here we propose a new model, the dynamic additive and multiplicative effects (DAME) model, combining the advantages of the AME model and the dynamic latent space model. We use the same formulation as the AME model, while incorporating the time-varying prior structures of Dunson (2013, 2014a,b) . Additionally, the DAME model employs two innovations. First, we learn the temporal correlation of networks by estimating Gaussian process length parameters instead of using fixed covariance structure. Our method does not require any initial guess about correlations, and it further enables efficient estimation of the fixed and random effect parameters. Second, in order to increase flexibility and accuracy of the model, the DAME model allows the number of nodes to change over time by allowing a special case of missing values, which is referred to as "structural missingness" in this paper. In what follows, we introduce the DAME model by describing how we take advantage of temporal correlation and deriving the sampling equations for hierarchical Bayesian inference (Section 2), present simulation studies to show some advantages of the DAME model over alternative approaches (Section 3), and apply the DAME model to the United Nations General Assembly voting network (Section 4).
Dynamic Additive and Multiplicative Effects Model

Model Formulation
Our main goal is to simultaneously model the sequence of N × N time-varying symmetric matrices Y = {Y 1 , . . . , Y T }, where the entry y t ij denotes any relational data corresponding to the node pair (i, j) at timepoint t, using the observed covariate arrays X = {X 1 , . . . , X T } where
. . , N ,j = 1, . . . , i − 1, and t = 1, . . . , T , we assume
where X t ijp is the pth edge covariate, β t p is the corresponding unknown coefficient, and z t ij is the unobserved random effect with the additive and multiplicative form
where θ To model the temporal dependence in the networks beyond Markovian assumptions, we adopt the prior specifications in Bhattacharya and Dunson (2011) and Durante and Dunson (2013) . Specifically, we assume independent Gaussian process (GP) priors for the parameters β, θ and d: The key part of the Gaussian process is the formulation of covariance matrices Σ β , Σ θ , and Σ d . Among a number of common covariance functions (Rasmussen, 2004) , we use the standard Exponential (or Ornstein-Uhlenbeck) function such that the (t, t )th element of f (κ) is
where |t − t | is the one-dimensional Euclidean distance between the two timepoints t and t . Alternatively, we can replace the distance term by |t − t | 2 and use the squared Exponential covariance function when smooth functions are required. Existing works (Bhattacharya and Dunson, 2011; Durante and Dunson, 2013) fix the parameter κ that characterizes the length-scale of the process, however, prior knowledge on how much the networks are correlated over time is unavailable in practice. To avoid the challenge of choosing an appropriate value of κ, we jointly estimate τ and κ assuming inverse-Gamma and half-Cauchy priors-τ ∼ IG(a, b) and κ ∼ half-Cauchy(γ)-across the parameters (β, θ, d).
For the remaining parameters u and , we assign simple independent Normal and inverse-Gamma priors:
4. For i = 1, . . . , N ; r = 1, . . . , R, and t = 1, . . . T , 
Posterior Computation
We take a Bayesian approach to infer the parameters in the DAME model. Our posterior computation is performed via a Gibbs sampler to update the vector of time-varying regression coefficients and the vector of additive and multiplicative latent factors, along with the use of a Metropolis-Hastings (MH) algorithm to sample the variance and length GP parameters (τ, κ) . This section outlines the steps and sampling equations for MCMC updates of the DAME model, where the derivations of each step can be found in the supplementary material.
To begin with, let Enetwork Y = {Y 1 , . . . , Y T } conditional on all the parameters can be written as the product of Normal probability density functions (pdf)
we sequentially update each parameter from its full conditional distribution in the following sampling steps:
2. For each p = 1, . . . , P in a random order, sample β p as follows:
where
. . , N in a random order, sample θ i as follows:
. 4. For each r = 1, . . . , R in a random order, sample d r as follows:
5. For each t = 1, . . . , T and i = 1, . . . , N in a random order, sample u t i as follows:
Note that after steps 2 through 5, E = {E 1 , . . . , E T } has to be calculated again using the previously updated values, so that any update is conditioned on the current values of all the other parameters.
Handling Missing Data
By the nature of longitudinal networks, new nodes can join the network and existing nodes can disappear at any timepoint. Consequently, any missing data (or edge) could be either missing at random or missing not at random, where the former straightforwardly suggests that the propensity for a data point to be missing is completely random (i.e., no relationship between a missing data point and any values in the data set) and the latter implies that the missingness is specifically related to what is missing. Specifically, missing not at random often occurs in longitudinal networks when a node has not yet joined or has dropped out. If we treat the two cases identically and ignore or impute the entire missings, it would be problematic since we may end up with a small number of nodes losing a large amount of information or introduce large bias into the estimation from imprecise imputation, respectively. While some continuous-time network models (Butts, 2008; Vu et al., 2011) naturally address this issue since they exploit survival analysis, allowing for a varying number of nodes is not a trivial issue in the modeling of discrete-time networks.
In the DAME model, we handle the two types of missing data-"random missing" and "structural missing"-using the approach similar to Snijders et al. (2010) , which uses the known information on 'joiners' and 'leavers'-i.e., identification on who are absent at a given timepoint. More precisely, we define the N × T matrix of availability A as an input to the model, where the (n, t)th element is defined as
1, node n is available at timepoint t 0, node n is not available at timepoint t,
and N is the number of actors who are part of the network at any time 1 ≤ t ≤ T . We then assume that missing edges corresponding to nodes n and times t for which A nt = 1 are missing at random, while those for which A nt = 0 are structural missings. Following common practice, missing at random values are imputed from the current estimates of parameter values at each MCMC iteration. On the contrary, we leave out structural missings from the entire estimation prodcedure by estimating the parameters without including the structural missing values. Although this method is only applicable when we have prior knowledge about the availability of nodes at each timepoint, it is still a novel and natural solution to handle all missing edges and allow a varying number of nodes under the Bayesian setting.
Simulation Study
We provide a simulation study to evaluate the performance of our proposed model on its ability to capture some important properties of the true data and correctly reconstruct the true underlying processes from the model estimates. There are two objectives in this simulation study: 1) show that understanding the correct covariance structure plays a key role in the model performance, in the case of modeling a network that is highly correlated across time, and 2) demonstrate that the eigendecomposition formulation of the multiplicative random effects (i.e. u Du) has the benefit of revealing various types of transitivity effects.
Estimating Strong Correlations
We generate a set of relational data Y for N = 20 and T = 10 according to the generative process in Section 2.1, with P = 1, R = 2, (a, b) = (2, 1), and (κ β , κ θ , κ d ) = (10, 10, 10) so that the resulting dynamic network is highly correlated across timepoints with higher-order serial correlations. For example, the lag 1 correlation of the parameters is f 01 (κ = 10) = 0.905, and the lag 9 correlation of the parameters is f 09 (κ = 10) = 0.407. We run 6,000 MCMC iterations which appears to be long enough for full convergence, and then discard the first 1,000 samples with a thinning interval of 10.
To summarize our simultaion results, we define a new measure that captures the overall correlation of the dataset and refer to "lagged degree correlations" (DC). For lag l = 1, . . . , T − 1, we calculate the Pearson correlation ρ(·) between the vectors v 1 and v 2 :
where degrees(Ŷ t ) indicates the vector of degree statistics for all nodes calculated from the posterior estimates of Y t , so that v 1 and v 2 both have length N ×(T −l). We use this lagged degree correlation statistic to estimate the l−lag temporal dependence in discrete-time networks. Figure 1 compares the posterior distribution of lagged degree correlations (DC) from our model and the "independence model" -the same general framework but without estimating the Gaussian process covariance parameters and instead fixing all κ = 0. The posterior samples of lagged degree correlations are caluclated from the degree statistics constructed from their respective posterior estimates ofŶ. This comparison highlights the excellent performance of the DAME model in correctly estimating the true temporal correlation across the timepoints. This can be seen by comparing with the true degree correlation statistics, where the posterior DC estimates from the DAME model perfectly recovered all the degree correlations from lag 1 to lag 3. Meanwhile, the independence model always exhibits lower posterior estimates than the true correlations, showing that we may not be able to capture an important aspect of the true network-temporal dependence in long memory history-if we apply network models with temporal independence assumptions (e.g., static network models at each timepoint) or Markovian assumptions (e.g., the AR(1) network models in Section 1).
Capturing Transitivity
As introduced in Section 1, there exist two different types of transitivities, positive and negative transitivity, and the parameterization without the D term (i.e. u u) is not able to capture negative transitivity. We test whether the DAME model can explain both positive and negative transitivities by conducting another simulation study. Similar to Section 3.1, we generate Y with N = 20, T = 10, P = 1, R = 2, and (a, b) = (2, 1). Considering that our new goal is not to estimate temporal correlations but to represent transitivity effects, this time we fix d t r = ±2 for r = 1, . . . , R and t = 1, . . . , T so that the generated network exibits positive (d t r = +2 for all r and t), mixed (d t 1 = −2 and d t 2 = +2 for all t), or negative (d t r = −2 for all r and t) transitive features, respectively. Again, we run 6,000 MCMC iterations and discard the first 1,000 with a thinning interval of 10. We fix the range parameter κ's at their true values (i.e., (κ β , κ θ , κ d ) = (0, 0, 0)) and do not estimate the covariance paramters (i.e., we fit the independence models in which all paramters and the resulting dynamic networks are independent across any timepoint), thus the difference in model performance only originates from the multiplicative effects formulations-u Du and u u. If we estimated κ's for this comparison, the difference in results may not only arise from the formulation of multiplicative effects, but also possibly from lack of correlation structure in u u because our modeling framework does not impose any temporal correlation on the latent positions u in Section 2.1. Figure 2 illustrates a graphical comparison between the two formulations of the multiplicative random effects with respect to the degree of the first, second, and third moments of the edge matrix (i.e., degree(Ŷ) degree(Ŷ 2 ) and degree(Ŷ 3 ), respectively). We randomly choose a node and show its degree distribution over time. For the case of positive transitivity, our model and its alternative do not show significant differences; both formulations achieve great performance in replicating the degrees of the first, second, and third moments of the edge matrix. On the contrary, when we fit the network with mixed or negative transitivity, the two formulations reveal noticeable differences. While the DAME model can still recover the true degrees of the first to third moments, the alternative model without D term shows inaccuracy in simulating a network that is close to the true data. Not only does the alternative u u model introduce bias, but also it yields significanlty wider interval estimates, implying lower precision compared to the DAME model. In addition, the evidence of the u u model's failure to capture the transitivity effects becomes larger as the network tends toward stronger negative transitivity and also as we move to the degree statistics in higher moments. These findings strongly support our choice of the u Du formulation over the u u to model networks with various types of transitivity.
Analysis of the United Nations Voting Network
Data
Votes in the United Nations General Assembly (UNGA) have been analyzed in many political science papers (Voeten, 2000 (Voeten, , 2004 Bearce and Bondanella, 2007; Mattes et al., 2015; Bailey et al., 2017) and have become the standard data sources to study states' preferences, one of the most important topics in the field of international relations (Wendt, 1994) . With regard to policy implications, for instance, states are the key actors on the global stage. Knowing their preferences towards each other and their stances on difference issues helps us predict future foreign policies and state behaviors. Unfortunately, many existing studies ignore three important features of the dataset. First, votes are highly correlated across timepoints, because they are the reflections of history. Bailey et al. (2017) propose a dynamic ordinal spatial IRT (item response theory) model that allows for inter-temporal comparisons, but their model limits the temporal dependence to be lag 1 (i.e., the Markovian assumption-votes at time (t + 1) are only dependent on votes at time t). Second, although the researchers have viewed "voting" as dyadic behavior and have thus used dyadic similarity indicators such as affinity or S scores (Gartzke, 1998; Signorino and Ritter, 1999) , to our knowledge, the United Nations voting data have never been analyzed using network models. Third, third-order dependence (e.g., transitivity and clusterability) has not been investgated despite the fact that voting decisions are not limited to dyadic calculations-country A's decision to vote along with country B might well be influenced by a country C's decision.
To process data from the United Nations General Assembly votes from 1983 to 2014, we first determine the countries to be included in this analysis by considering countries' values in predictors such as polity score, or GDP, and then dropping countries with missing values in over 10 years, while the remaning missing values are imputed using the data from previous years. This results in 97 countries in total, and the full list of countries with their abbreiviations is provided in Appendix A. The voting data were obtained from Voeten et al. (2016) , specifically the subset of the votes called 'important votes', identified by the State Department as "votes on issues which directly affected important United States interests and on which the United States lobbied extensively." For example, in 2001, important votes include 'Israeli Actions in the Occupied Territories', 'Peaceful Settlement of the Question of Palestine', 'U.S. Embargo Against Cuba', and 'Nuclear Disarmament'. More can be found in https://www.state.gov/p/io/rls/rpt/. The number of important votes on average is 12 per year, ranging from 6 to 28. We only use important votes from the original data because non-important votes show high agreement rate over the time period with few variations. Annual averge voting similarity indices (i.e., agreement rates) for non-important votes are provided Figure 2 : Boxplots of 500 posterior predictive degree statistics in the first (left), second (center ), and third (right) moments corresponding to positive (upper ), mixed (middle), and negative (lower ) transitivities: the DAME (red) and the u u (green) models are shown with the dots representing the observed statistics. in Appendix B. We then construct the response Y = {Y 1 , . . . , Y 32 }, where each Y t is a 97 × 97 matrix of a voting similarity index from 0 to 1 computed using three-category vote data (Y = "yes" or approval for an issue; A = abstain; N = "no" or disapproval for an issue). Specifically, voting similarity index between the two countries i and j at year t is calculated as (Number of votes i and j agreed at year t) / (Number of votes i and j both participated at year t), which corresponds to the variable 'agree3unimportant' in the original dataset. Note that abstention is counted as half-agreement with a yes or no vote (Voeten et al., 2016) , while two abstentions is treated as full agreement. For a basic summary of the United Nations voting data for important votes, see Appendix C.
As an exploratory data analysis, Table 1 illustrates the lagged degree correlation (defined in Equation  6 ) of the observed dataset to measure how strongly the United Nations voting data are correlated over time. There exists strong positive correlation in how the countries vote in the United Nations General Assembly over time, and as the distance between two timepoints becomes larger the correlation tends to be weaker. This provides solid evidence to support the use of a non-Markovian model, since the observed lagged degree correlations are higher than what is expected under the Markovian assumtion (e.g., the expected lag l autocorrelations for AR(1) model are (0.732) 2 = 0.536 for l = 2, (0.732) 3 = 0.392 for l = 3, and so on). Therefore, the DAME model with Gaussian process specifications may be one of the appropriate appraoches to account for the strong temporal dependence in this dataset. Table 1 : Lagged degree correlation (DC) of the United Nations voting data for l = 1, . . . , 10.
Next, to dynamically model the United Nations voting network in relation to other variables reflecting international relations, we combine P = 5 different dyadic variables from the Correlates of War (COW) data (Gibler, 2008) , Polity IV data (Marshall et al., 2014) and the International Monetary Fund (IMF)'s Direction of Trade Statistics (DOTS) and International Financial Statistics (IFS) data, and construct the observed edge covariates X. For p = 1, . . . , P , we set the explanatory variable X 4. X t ij4 : absolute difference in polity score between country i and country j at time t 1 .
X t ij5
: index of economic dependence using bilateral trade weighted by each country's gross domestic product (GDP), as defined in Gartzke (2000) . That is,
6. X t ij6 : indicator of whether country i and country j share the official language.
By definition, all covariates are symmetric (i.e., X t ijp = X t jip ). Two variables-log(distance) and common language-are time-invariant covariates, although their coefficients may vary over time. Correlations between the covariates are summarized in Appendix D.
We specify the matrix of availability A introduced in Section 2.3 to reflect some countries' nonparticipation in the United Nations General Assembly (UNGA):
1. North Korea (PRK) has structural missing values from t = 1 to t = 8 because North Korea did not vote until North Korea and South Korea were simultaneously admitted to the United Nations in 1991.
2. South Korea (ROK) has structural missing values from t = 1 to t = 8 because South Korea did not vote until North Korea and South Korea were simultaneously admitted to the United Nations in 1991.
3. Russia (RUS) has structural missing values from t = 1 to t = 9 because Russia succeeded the Soviet Union's seat, including its permanent membership on the Security Council in the United Nations, after the dissolution of the Soviet Union in 1991.
4. Iraq (IRQ) has structural missing values from t = 13 to t = 21 because Iraq did not participate in the UNGA roll-call votes from 1995 to 2003. Under the rule of Saddam, Iraq had been under severe sanctions from the international community, including the United Nations, since 1990.
Any missing values corresponding to a country's missing period are treated as structural missing values. As explained in Section 2.3, other missing values are treated as missing at random and are thus imputed.
Model Validation
To check the fit of the DAME model of Section 2.1 to the data, we fit the model with four different specifications: 1) with additive and multiplicative effects (DAME), 2) one with only multiplicative effects (ME), 3) with only additive effects (AE), and 4) without any random effects (NO). Each of the four specifications uses all six edge covariates in Section 4.1. Figure 3 depicts the degree statistics constructed from 500 different posterior predictive samples (i.e., degree(Ŷ)). Out of 97 countries, we only present the results for Israel(ISR), which reveal clear differences among the four models.
First of all, we see the bias correcting effect of including additive effects (AE), compared to the model with no random effects (NO). Next, when we compare models with only additive effects (AE) and only multiplicative effects (ME), the multiplicative effects model shows significantly narrower width of credible intervals. Lastly, our model with both additive and multiplicative effects (DAME) outperforms the ME model in terms of both accuracy and precision. To be specific, the DAME model corrects the bias in the ME model by incorporating node-specific additive effects. Overall, not only does the DAME model provide the most accurate estimates over time, but it also yields the narrowest 95% credible intervals among the four. These findings emphasize the importance of including both the additive and multiplicative terms to enable the model to capture some features not explicable by fixed effects or only one random effect. More results and interpretation using the full DAME model are presented in Section 4.3, and the posterior predictive plots checking the overall degree distributions, aggregating all nodes and timepoints, are provided in Appendix E.
Figure 3: Boxplots of 500 posterior predictive degree statistics for Israel (ISR): the DAME (red ), ME (green), AE (blue), and NO (purple) models are shown with the dots representing the country's observed statistics.
Parameter Estimation and Interpretation
To apply the DAME model to the United Nations General Assembly voting data, we fix the dimension of the multiplicative effects to be R = 2 based on some preliminary experiments, where increasing the dimension does not significantly improve the model fitting. For instance, the estimated eigenvalue d t 3 ≈ 0 for every t = 1, . . . , T . Note that a unique reduced-rank structure of voting (or agreement) network is briefly explained in Appendix F. In this section, we present the results based on 30, 000 Gibbs iterations with a burn-in of 5, 000, where we thin by keeping every 50 th sample. All model parameters, including the GP parameters (κ, τ ), are estimated according to Section 2.2, using the hyperparameters (a, b) = (2, 1) and γ = 5. Figure 4 shows the posterior mean estimates of the fixed effect coefficients {β p } P p=1 with their corresponding 95% credible intervals. Overall, the effects of the covariates on the United Nations voting behavior change substantially over time, especially in the cases of geographic distance and trade-to-GDP ratio. Most importantly, the "critical junction" for these temporal changes seems to be around the end of Cold War, that is, the late 1980s and early 1990s. For instance, the middle panel of the top row reveals the pattern of influence of geographic distance on voting behavior. The gravity model (Leibenstein, 1966; Rodrigue et al., 2009) suggests that the influence of phenomena or populations (e.g., trade and migration) on two countries varies inversely with the distance between them, and we see an overall negative coefficient for geographic distance which is consistent with the gravity model. However, the negative effect of geographic distance is less significant after the early 1990s. It is likely that the votes in the United Nations were much more influenced by the overall ideological conflicts between the Soviet Union plus its satellites and the Western camp so the effect of geographical distance was weakened during the Cold War. Moreover, regarding the effect of polity-or distance in polity as we operationalize this variable-the result suggests that in general the political regime similarity does not often result in higher agreement in the United Nations General Assembly, at least for a few time periods included in the study, e.g., 1990-1995, 1997-2002, and 2005-2010 . Scholars in the liberal tradition of international relations have long been arguing for shared norms, values and preferences between democracies; what the result here suggests that such similarity in preferences seem to be not sufficiently strong enough to sway countries' votes in the United Nations General As- sembly, at least in the case of important votes and when we account for the other factors in the model.
After controlling for the observed covariates, we move on to the analysis of random effects, both additive and multiplicative ones. For clear visualization, we only present the result from 21 countries, where the countries are chosen based on the most active countries during the ten year period from 2004 to 2014 (Hoff, 2015b) . Here, the action types include negative material actions, positive material actions, negative verbal actions and positive verbal actions. The 21 most active countries are marked with * in Appendix A. Figure 5 shows the posterior mean estimates of each country's additive random effects, that is, its node-specific time-varying intercepts θ t i . Here, the United States (USA) and Israel (ISR) stand out with large negative additive random effects, suggesting that these two countries are less likely overall to cast the same votes as the rest of the countries. Considering that the majority of votes are "yes", the two countries are more likely to vote for "no" in general.
Finally, we provide the estimated latent positions of the 21 countries. To determine the posterior distribution of u without identifiability issues, we calculate an eigendecomposition on every posterior sample of the multiplicative effect matrix u Du, and let D be the diagonal matrix of eigenvalues and u be the corresponding eigenvectors. We then apply a Procrustes transformation on each posterior estimate of u and multply by √ D, and obtain the posterior mean estimates and 95% credible regions of u i √ D, for all i = 1, . . . , N . In Figure 6 , we see clear patterns of clustering of the countries. For example, in 1986, we observe a clear cluster including the USA and its Cold War allies-Japan (JPN), France (FRN), Germany (GMY), United Kingdom (UKG), Australia (AUL) and Israel (ISR). Moreover, it is interesting that Israel (ISR) is always close to the United States (USR) in the latent space. Specifically, in 2014, USA and Israel seem to have drifted away from other countries including the USA's traditional allies in Europe and Asia, which indicates that the two countries' alliance is beyond those observed variables such as economic factors.
Discussion
As an extension of the additive and multiplicative effects (AME) model, the dynamic additive and multiplicative nework effects (DAME) model can flexibly learn the underlying time-varying strucutre in dynamic networks, while inferring the effects of node-specific and dyad-specific latent variables. Accounting for the correlation structure of the networks makes better use of dynamic networks than modeling them as separate network snapshots. Our algorithm eliminates the need to assume an arbitrary user-defined covariance structure, making it easier to learn the temporal dependence from the data itself. Information on temporal correlation thus leads to more accurate and precise inference. Further, the visualization of the model-estimated time-varying parameters provides an effective temporal trend analysis of dynamic networks, as well as the descriptive visualization of higher-order dependencies over time.
We have demonstrated effectiveness of our model by modeling the United Nations voting networks. The estimated additive and multiplicative effects and their changes over time reveal that the United Nations voting behavior reflects interesting and meaningful foreign policy positions and alliances of various countries, even after controlling for other edge covariates that are considered critical in the studies of international relations. Although we illustrate the entire framework in the context of symmetric or undirected networks, our model can be easily extended to allow directed networks, following the additive and multiplicative effects model for the directed network (Hoff, 2015a) . Furthermore, the approach can be applied to binary and ordinal network data with appropriate link functions, while we currently only provide the application to continuous-valued networks. Finally, considering the recent explosion of network dataset with large numbers of timepoints, our model has a broad range of applicability, suggesting a promising approach that can accommodate huge networks that span long periods of time. 
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Figure 7: Posterior predictive plots of the overall degree distributions aggregating all nodes and timepoints: the first (upper ), second (middle), and third moments (lower ) shown with the dots representing observed statistics.
